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Abstract 



We prove that, given a certain isometric action of a two-dimensional Abelian group 
A on a quaternionic Kahler manifold M which preserves a submanifold N C M, the 
quotient M' = N/A has a natural Kahler structure. We verify that the assumptions 
on the group action and on the submanifold N C M are satisfied for a large class 
of examples obtained from the supergravity c-map. In particular, we find that all 
quaternionic Kahler manifolds M in the image of the c-map admit an integrable 
complex structure compatible with the quaternionic structure, such that N C M 
is a complex submanifold. Finally, we discuss how the existence of the Kahler 
structure on M' is required by the consistency of spontaneous Jsf = 2 to Tsf = 1 
supersymmetry breaking. 
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Introduction 



Since the work of Galicki and Lawson [GL] it has been known that a quaternionic ana- 
logue of the well-known symplectic reduction exists. In fact, as shown in [ACDV], any 
isometric action of a Lie group G on a quaternionic Kahler manifold {M,g, Q) of nonzero 
scalar curvature gives rise to a 0*-valued section P e r[Q (8) 0*) of the quaternionic 
structure Q C End (TM). P is called the moment map and by taking the quotient 
{P = 0}/G one obtains a new quaternionic Kahler manifold, provided that the usual 
regularity assumptions are fulfilled. 

In this paper, however, we are interested in constructing Kahler manifolds out of 
quaternionic Kahler manifolds. Such a procedure is needed in order to break supersym- 
metry from K = 2 to K = 1 in supersymmetric theories of gravity in four spacetime 
dimensions [FGP, L, LSTl, LST2]. The reason is that quaternionic Kahler manifolds 
of negative scalar curvature occur as scalar manifolds of 3Sf = 2 supergravity, whereas 
K = 1 supergravity requires the scalar manifold to be Kahler. A natural but rather 
restrictive way to relate quaternionic Kahler manifolds to Kahler manifolds of lower di- 
mension is to consider Kahler suhmanifolds {N, qn, Jjv) C (M, g, Q), such that — g\N 
and Jn £ r((5|jv)- It is shown in [AM] that the dimension of such a submanifold cannot 
exceed 2n if M has nonzero scalar curvature, where dim M — An. 

Our new idea is to drop the Kahler condition on {N, g^, Jn) still maintaining the inte- 
grability of Jn G ^{Q\n)- The final Kahler manifold M' is then obtained as an appropriate 
quotient M' = N/A of N. To define the quotient we make use of two commuting KiUing 
vector fields ^i, ^2, which generate a free proper isometric action of a two-dimensional 
Lie group A. The necessary technical assumptions on ^1,^2 for our construction are for- 
mulated in terms of the corresponding moment maps Pi, P2 G ^{Q), see Theorem 5 and 
Corollary 1. The main result can be summarized as follows. 

Theorem 1 Let M be a quaternionic Kahler manifold of nonzero scalar curvature, 
N <Z M a submanifold and ^1,^2 Killing vector fields of M which satisfy the assumptions 
of Theorem 5 and Corollary 1. Then M' — N/A carries an induced Kahler structure, 
where A is the transformation group generated by ^1,^2- 

The main body of the article is devoted to the investigation of several classes of 
examples. As a first and simplest example we take N — M — — the real hyperbolic 
four-space (which coincides with quaternionic hyperbolic line) and obtain M' — H^. Then 
we study the quaternionic Kahler manifolds (M, g, Q) in the image of the c-map [CFG, FS] . 
These manifolds have negative scalar curvature and are associated with a (projective) 
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special Kahler domain Mg^, the geometry of which can be encoded in a holomorphic 
prepotential F{Z) = F{Z^, . . . , Z^). As a first step in the study of the c-map examples 
we obtain the following general result, see Proposition 1 and 2. 

Theorem 2 Let (M, g, Q) be a quaternionic Kdhler manifold in the image of the c-map. 
Then the quaternionic structure Q of M admits a global orthonormal frame (Ji, J2, J3) 
such that the almost complex structure J3 G V{Q) is integrable. (M, J3) is the total 
space of a holomorphic submersion M — )■ Mgk with all fibers biholomorphic to the domain 
]^n+i j^iv c C+S where dimM = 4n and 

n-l 

V = {{xo,xi,...,Xn)eR''+'\xo>J2x^-xl}. (0.1) 

i=l 

This should be contrasted with the situation for complete quaternionic Kahler mani- 
folds of positive scalar curvature, which do not even admit an almost complex structure 
compatible^ with the quaternionic structure [AMP]. Some interesting properties of the 
complex structure J3 are described in Proposition 1 and Proposition 2. We then define a 
complex submanifold 

A^C(M,J3), 

see Proposition 4, associated with a choice of a null vector vq G TM^\^, where M^sk — ^ Msk 
is the affine special Kahler manifold associated with Mgk. The complex codimension of 
C M is r + 1, where r is the rank of a certain complex matrix [Gab]-, which depends 
on the choice of Vq, see equation^ (3.16) and the remark on page 16. The structure of the 
complex manifold N is described in Proposition 5. In particular, we find that N is always 
the total space of a holomorphic submersion 

where M!^ C Mgk is a complex submanifold and the fibers are biholomorphic to -B^^^ x C. 
The inclusion N G M maps the fibers of A^ — ?■ into the fibers of M — )■ Mgk- Next we 
define two Killing vector fields .^i,.^2 on M, which depend on the choice of Vq. We show 
in Proposition 6 that they are tangent to A^ C M and generate a holomorphic, free and 
proper action of the additive group yl = C on A^. We then have the following result, cf. 
Theorem 6. 

^Note that the complex Grassmannians Gr2(C") (n > 3) do admit a complex structure which is 
even Kahler for the quaternionic Kahler metric but it does not belong to the quaternionic structure. 
It is known that these complex Grassmannians are the only complete quaternionic Kahler manifolds of 
positive scalar curvature which admit an almost complex structure [GMS] . 

2Note that vq = Y.D^d/dZ^\z,+ c.c. . 
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Theorem 3 The resulting quotient M' — N/A is always the total space of a holomorphic 
submersion 

M' ^ 

where the fibers are isomorphic to the complex ball B'^~^ = Cif"~^ with its standard 
complex hyperbolic metric of constant holomorphic sectional curvature —4. The projection 
N ^ M' ^ N/A maps the fibers of N ^ M^^ to the fibers of M' M^^. 

We also show that M' is complete if and only if the base manifold is complete, see 
Remark on page 23. Let us emphasize a subtle but crucial point in the construction. The 
fibers Mp — n~^{p) of tt : {M,g, J3) — )■ Mgk consist of a solvable Lie group G endowed 
with a family of left-invariant metrics gaip) and left- invariant skew-symmetric complex 
structures Jaip)' 

{Mp,g\Mp,J3\Mp) = {G,gG{p),JG{p)), pe M^k. 

The group G is precisely the Iwasawa subgroup of SU(l,n -|- 1), which is the group of 
holomorphic isometrics of the complex hyperbohc space Cif"+^ = U(l,n-|-1)/(U(1) x 
U(n + 1)) = SU(1, n + 1)/S(U(1) x U(n + 1)). Since G acts simply transitively on C//"+\ 
we can identify the Kahler manifold CH^'^^ with {G, gcan, Jean), where {gcan, Jean) is a 
left-invariant Kahler structure on G: 

— {G , g cam Jean) ■ 

Prom the Riemannian point of view, the fibers {Mp,g\Mj,) = {G,gG{p)) are as nice as 
possible. They are all isometric to (G, gcan) — CH'"'^^, although the metric gcip) is never 
independent of p e Mgk. However, in view of the above discussion, the Hermitian manifold 
(G^gcip), Jg{p)) cannot be Kahler, since 2n + 2 — dimG > |dimM = 2n. This means 
that Jg{p) does not coincide with the canonical (parallel) complex structure Jcan{p) on 
{G,gG{p))H^+\ for which {G, gaip), Jcan{p)) = CH^+^ = {G, gcan, Jean). One can show 
that (G, Jg{p)) is not even biholomorphic^ to Cif"+^. This is related to the non-positivity 
of the quadratic form on the right-hand side of the inequality defining the complex domain 
j^iV c C"+^ ^ (G, Jg{p)), see (0.1). Summarizing, we have that 

(G, ^g(p)) = (G, gcan) = Ci/"+' but (G, Jg{p)) ^ (G, Jean) = C//"+\ 

It turns out that when passing to the quotient M', the fibers M^, p G M^y^^ become 
all isometric and biholomorphic to Cif""^. In fact, we show that by considering the 
submanifold Np := iVflMp C Mp, which is biholomorphic to Cif"~^ x C, and its quotient 



proof of this fact can be found in [CH], which includes the classification of skew-symmetric left- 
invariant complex structures on {G,gcan) = Ci/"+^. 
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= Np/A we reduce the domain Mp ^ M"+i + iV ^ Cm+^ to M'^ ^ (M"+i + iV) n 
C^-i = + where now 

n-2 

j=i 

is defined by a positive definite quadratic form. Therefore, + iV is biholomorphic 
to C//"-^ 

More detailed information is obtained in Section 3.2.1 and Section 3.2.2 when the 
prepotential is either quadratic or of the form F — '"^^ — ^, where /i is a homogeneous 
cubic polynomial with real coefficients. As usual in the physics literature, the latter class 
will be simply referred to as having cuhic prepotential. It is particularly interesting for 
string theory compactifications and contains a wealth of homogeneous as well as inho- 
mogeneous examples. We show that in the case of cubic prepotential the dimension of 
M' can be as large as dim M — 8 with dim M arbitrarily big. In the case of quadratic 
prepotential the structure of M' is completely determined as follows, cf. Theorem 7. 

Theorem 4 The Kdhler manifolds M' obtained from the above quotient construction 
applied to the quaternionic Kdhler manifold M — ^(2)x'u(n) ~^ -^^k = -f^c"^ ^'^^ always 
isomorphic to H^"^ x H^~^, provided that C Mgk is complete. In this case, the 
holomorphic submersion M' — >■ is trivial and — Mgk. 

So in this case, dim M' — dim M — 4. 

The mathematical results obtained in this paper are motivated by the consistency 
of spontaneous N = 2 to X = 1 supersymmetry breaking [FGP, L, LSTl, LST2] and in 
Section 4 we briefiy discuss this relation. Quaternionic Kahler manifolds appear naturally 
in K = 2 supergravity theories as part of the scalar field space. The Higgs mechanism 
responsible for the supersymmetry breaking requires two massive vector fields coupled 
to two KiUing vector fields that fulfill the assumptions of Theorem 5. Furthermore, an 
K = 1 effective action can be defined below the scale of supersymmetry breaking and is 
obtained by integrating out all massive degrees of freedom. Integrating out massive scalars 
corresponds to taking a submanifold N C M, while integrating out two massive vector 
fields corresponds to taking the quotient with respect to the two-dimensional Abelian Lie 
group A generated by the two Killing vectors, as specified in Theorem 1. Consistency 
with X = 1 supersymmetry implies that the resulting scalar field space M' — N/A should 
be Kahler. 
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1 Basic results about quaternionic Kahler manifolds 



In this section we recall some known facts about quaternionic Kahler manifolds, see e.g. 
[ACDV] for more details. 

Definition 1 A quaternionic Kahler manifold (M, g, Q) is a Riemannian manifold (M, g) 
which is endowed with a parallel skew-symmetric quaternionic structure Q C End TM . 
If dim M = 4 we require, in addition, that Q ■ R = 0. (This condition is automatically 
satisfied if dim M > 4.) 

Let (Ja) a=i,2,3 be an orthonormal local frame of Q such that J3 = Ji J2- Then 

VJq = — (o;^ (g) J-y — o;^ (8) Jg), (1.1) 

for some triplet of connection forms 00^, where {a, (5, 7) is always a cyclic permutation of 
(1, 2, 3). These one-forms are related to the fundamental two-forms (pa — g{-, Jo) by the 
following structure equations: 

where u — 4^^'^2) stands for the reduced scalar curvature, the quotient of the scalar 
curvature of {M,g) by that of HP", with An — dimM. Quaternionic Kahler manifolds 
are Einstein; in particular, i/ is a constant. 

Now let ,^ be a Killing vector field on a quaternionic Kahler manifold of nonzero scalar 
curvature, i.e. z/ 7^ 0. Then Q is invariant under the flow of ^, as well as under parallel 
transport. This implies that the endomorphism field V.^ is a section of the normaliser 

N{Q) = g e z{Q) 

of Q in ao{TM). Here Z{Q) stands for the centraliser of Q. Note that 

N{Q)p ^ 5p(l) e 5p{n) Vp e M, 

where sp{n) is the Lie algebra of the compact symplectic group Sp(n), which is usually 
denoted by USp(2n) in the physics literature. Let us use 

P := (VO^^ e r(Q) (1.3) 

to denote the projection of onto Q. The section P : M Q is called the moment 
map associated with ^. Its covariant derivative is given by: 

^P-'^J2'fia{-:0®Ja. (1-4) 

For the last formula, see [ACDV] Proposition 2. 
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2 The new quotient construction 



Theorem 5 Let (M, g, Q) be a quaternionic Kdhler manifold of nonzero scalar curva- 
ture, ^i, ^2 two Killing vector fields with corresponding moment maps Pi G T{Q), i = 1,2, 
N <Z M a submanifold and X{N) the space of smooth vector fields on N such that: 

(t) 6|jv, 6|iv e X{N), [6,6]|iv = and 1^1 = |6l 7^ on TV, 

(a) PiP2\n is a section of Q\n which preserves TN and maps ^i|jv to f^2\N, where 
f e C°°{N) is some nowhere vanishing function. 

Then the integrable distribution D C TN spanned by ^i\n, C2\n has an induced transversal 
Kdhler structure {h, J). The complex structure J is induced by I :— jPiP2\n £ r(A'", Q), 
which defines an integrable complex structure on N. 

Remcirks: 1) We will show below that for the quaternionic Kahler manifolds (M, g, Q) 
in the image of the c-map there exists a global orthonormal frame (Ji, J2, J3) of Q such 
that the almost complex structure J3 is integrable. The above construction will then be 
applied to an appropriate complex submanifold N of (M, J3). 

2) The quaternionic Kahler manifolds in the image of the c-map include all the known ho- 
mogeneous quaternionic Kahler manifolds of negative scalar curvature with the exception 
of the quaternionic hyperbohc spaces H^, n>2. 

Proof: Let us use X = D"*" = TN/T) to denote the Riemannian normal bundle of T) in 
N. We then define the transversal metric h e T{S'^W) as the restriction 

h ■— g\ytxJ<- 

It follows from (i-ii) that / := J-P1-P2 ^ r(iV, Q) is an almost complex structure. We can 
choose an orthonormal local frame {Ja)a=i,2,3 of Q such that J3 = I on N and J3 — ^1^2- 
Since / preserves D C TN, TN and therefore = T)^ C TN, we can define 

J G r(iV,End N). 

Clearly, Jp is a skew-symmetric complex structure on the Euclidian vector space (Kp, hp), 
for all p e M. We claim that {h, J) defines a transversal Kahler structure for the foliation 
of N defined by the integral surfaces of the distribution D. This means that {h, J) 
induces a Kahler structure on any submanifold S C N transversal to 2) and that the 
Kahler structures on a pair of such submanifolds S,S' C M intersecting the same leaves 
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are related by the corresponding holonomy transformation of the fohation. To prove this 
it suffices to check that 



L^^g = 0, (2.1) 

= 0, (2.2) 

[X,Y] e T{tI'^N), for all X,Y e T{Tj'°N), (2.3) 

d(fi = 0, (2.4) 



where is the pull back of the fundamental form ip = h{-, J-) to a two-form on N . 
Explicitly, 

(p\datn = 0, <^|a2k = ^■ 

The equation (2.1) holds because the C,i are Killing fields. The Lie derivative L^.I of 
/ G r{N,Q) is again a section of Q\n, since any isometry of a quaternionic Kahler 
manifold of nonzero scalar curvature preserves the quaternionic structure Q. In order to 
prove (2.2), it thus suffices to check that: 

(£^j)ei = L^Mi) - i^iAi = ^6(6) = 0. 

The equation (2.2) imphes that on N we have 

Pi = (Ve«)^ = (V^^ - = lcui{^i)Ji + ^cc;2(6) J2 (mod MJ3). 

Combining this with the equation PiP2\n — fJslN we obtain that, on N, 

Pi^luj,{^i)Ji + luj2{Ci)J2, (2.5) 

where the vectors Vi := {ui{^i),U2{ii)) G satisfy 

vi ± V2, \vi\\v2\ = 4/ (2.6) 

on N. This shows that the one-forms Ui, U2 are pointwise linearly independent on A^. In 
fact, their restrictions to D are linearly independent. Hence, 

X := kera;i|Arnkera;2|Ar C TN 

is a distribution complementary to D. We will now show that 3C = ?sf. To see this, we 
calculate the covariant derivative of Pi on N: 

WPi = ^(Va;i(6))® Ji + ^(Va;2(ei))® J2 

-^'^1(^0 ("^2 <8) J3 - <^3 (H) J2) - ^<^2(^j)(<^3 Ji - a;i (g) J3) 
= -\M^i)^2-uj2{^i)uJi)(8)J3 (modr*M(8)(RJieRJ2)). 
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Comparing with (1.4), we obtain 

along N. This imphes that OC = X. It also shows that the two-form ^'^2 vanishes 

on 2) A TM along N and coincides with v^p^ on X. This means that 

proving (2.4). It remains to check the integrabihty condition (2.3), which shows that 
/ defines a complex structure on N. The equation (1.1) implies that V xl — 0, for all 
X ^Ji — %. Using the symmetry of the Levi-Civita connection and the fact that /X = X, 
we can easily check that 

[X -iIX,Y -ilY] = [X,Y]-[IXJY]-i{[XJY] + [IX,Y]) 

= [X, Y\ - [IX, IY\ - iI{[X, Y\ - [IX, IY\), 

for all X, y e r(N). it remains to calculate [^1 - i^2, Y - ilY] for any Y e 2i{N): 

[Ci - ^6, Y - ilY] [Ci - ^6, Y] - - ^6, Y] e t}''m. 

This proves (2.3). □ 



Corollary 1 If, in addition to the assumptions of Theorem 5, the vector fields ^\\n, 
^2 1 AT generate a free and proper action of a two-dimensional Abelian Lie group A on the 
submanifold N C M, then the quotient M' :— N/A is a smooth manifold, which inherits 
a Kdhler structure {h, J) from the transversal geometry of the integrable distribution D. 
The projection {N, g) — > (M', h) is a Riemannian submersion and a principal fiber bundle 
with structure group A. Moreover, {N, I) — >■ (M', J) is holomorphic, where I e r(A'^, Q) 
is the (integrable) almost complex structure which maps ^i\n to ^2\n- If more generally, 
the proper action of A is only locally free with finite stabilisers, then {M', h, J) is a Kdhler 
orbifold. 



3 Examples 

3.1 Hyperbolic 4-space 

As a first example, let us consider the four-dimensional hyperbolic space 

4 S0o(l,4) 

^-^^-^o(4r- 
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The solvable Iwasawa subgroup L of SOo(l, 4) = Isomo(Af ) acts simply transitively on M 
and we can identify M with the group manifold L endowed with a left-invariant metric g 
of constant curvature —1. (M, g) is a quaternionic Kahler manifold with the quaternionic 
structure Q spanned by three left- invariant complex structures J^, a — 1,2,3. The Lie 
algebra 

I :— Lie L — a + n 

is the orthogonal sum of a three-dimensional Abelian nilradical n = span{Xa = JaXo\a — 
1,2,3} and a one-dimensional subalgebra a = RXq, where Xq is a unit vector such that 
ddxoln — Id- Decomposing the Levi-Civita connection 

such that VxJa = 0, one can easily compute cUa = —X^, where {X*) is the dual basis of 

r. 

Let us use ka, a = 0, 1,2,3, to denote the (right-invariant) Killing vector field which 
coincides with the left-invariant vector field X^ at e e L. A straightforward calculation 
shows that 

-x" 1 

h — X 

at p = cxp(a;) G L = M, where x = Y^x'^Xa- This allows us to compute the moment 
maps Pa of the three commuting Killing vector fields Ka- 

since {£'k)'^ — for any right-invariant Killing vector field k and cUa — —X^. Summarising, 
we have shown that 

Pa^-^e-^^Ja, (3.1) 

in accordance with [FGP]. Thus we have 

PiP2ki^fk2, 4/=|A;i|2=|A;2|2 = e-2-°>0, (3.2) 

and we can choose = ki, i = 1, 2, in agreement with conditions {i — ii) in Theorem 5. 
The Killing vector fields ki,k2 generate the left-action of the normal subgroup A2 = 
exp 02 C L, 02 = span{Xi,X2}. Therefore, we can apply Theorem 5 and Corollary 1 
to iV = M. The quotient M' = M/A2 is the complex hyperbolic line M' = H^, which 
again has constant curvature —1 and admits the simply transitive solvable group L/A2 of 
holomorphic isometries. 
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3.2 Quaternionic Kahler manifolds in the image of the c-map 

There is a class of quaternionic Kahler manifolds of negative scalar curvature of the form 
M = Msk X G, where Msk is a (projective) special Kahler manifold of dimension 2n — 2 
and G is the solvable Iwasawa subgroup of SU(l,n + 1), which is a semidirect product 
of a (2n + l)-dimensional Heisenberg group with M. For simplicity we will assume from 
now on that Mgk admits a global system of special coordinates. Such manifolds are called 
(projective) special Kahler domains. Note that the quaternionic Kahler metric on M 
cannot be a product metric, since quaternionic Kahler manifolds are irreducible. The 
construction of these manifolds out of the special Kahler base is called the (supergravity) 
c-map [CFG, FS]. It has been recently shown that the quaternionic Kahler manifold 
M is complete if Mgk is complete [CMX]. As we will show, the class of quaternionic 
Kahler manifolds in the image of the c-map gives numerous examples for the quotient 
construction introduced in Theorem 5. 

In the following we will briefly describe the construction of the c-map, see [CFG, FS, 
CMX] for more detailed information. Any (projective) special Kahler manifold Mgk can 
be realised as the base of a holomorphic C*-principal bundle Mask — ^ Mgk. The total 
space Mask has the structure of an affine special Kahler manifold, which admits special 
holomorphic local coordinates Z^, A = 1, . . . , n, such that the geometric data of Mg^k are 
encoded in a holomorphic function F(Z^, . . . , Z") called the holomorphic prepotential.^ 
The functions z"- = Z"'/Z^, a = 1, ... ,n — 1, induce local coordinates on Afsk and the 
Kahler potential K{z) of Mgk can be explicitly expressed in terms of the prepotential F. 
In fact, K{z) — K{z, 1), where 

K{Z) = -ln{2Z^NABZ''), Nab = ImF^s, (3.3) 

where the subscripts on F denote derivatives with respect to e.g. Fa — dF/dZ"^. 
The solvable Lie group G admits a natural system of global coordinates ^ (0, 0, a^, 6^), 
A — 1, ... ,n. A basis for the right- invariant vector fields on G is given in these coordinates 

^Readers familiar with the supergravity Hterature might prefer to label the coordinates by / = 
0, 1, . . . , n — 1, as is done from Section 3.2.2 onwards. 

^In supergravity theories arising as effective theories of type II compactifications the scalar mani- 
fold Mgk is spanned by deformations of the metric and the Neveu-Schwarz B-field, while {(j),^,a^ ,hA) 
correspond to the dilaton, the axion and the 2n real Ramond-Ramond scalars, respectively. 
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by 



1 ^ 7 ^ \ A 9 17^ 



(3.4) 



(3.5) 



These vector fields obey the commutation relations 

[k^,k ] —^k , [kA,k ] = <^A% ) 

with all other commutators vanishing. 

Recall that a quaternionic vielbein on a quaternionic Kahler manifold (or, more gener- 
ally, on an almost quaternionic Hcrmitian manifold) (M, g, Q) is a coframe which belongs 
to the Sp(n)Sp(l)-structure defined by ((?, Q), cf. [ACDGV]. More explicitly, it is a system 
of complex-valued one-forms U^"^, A = 1, 2, m = 1, . . . , 2n, such that the metric takes the 
form 

^ = 5^e^se;^U^'®U^- (3.6) 
and such that the quaternionic structure Q on TM corresponds to the standard quater- 
nionic structure on the first factor of the tensor product C^^C^"- Heree= ^ 



-1 

Note that the metric and quaternionic structure are completely determined by specifying 
a quaternionic vielbein. 



In [FS] it was proven that 

u e —V —E 
V E u 



U-^- = ^ I : ^ ' I (3.7) 



is a quaternionic vielbein of a quaternionic Kahler structure {g, Q) on a domain M if the 
one-forms U'^'" are defined by 

u = ie^/'+'^Z^(d6^-F^Bda^) , 

V = ie2<^[de-2^ - i(d0 + bAda^ - a^d6^)] , 

= n/dZ"^ = e^dz" . 

Here {Z"^), A — 1, ... ,n, are the homogeneous coordinates of Mgk, which are functions 
on the affine special Kahler domain Mask, 
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is defined using the vielbein ej^ on M^^. In the above formulas one may simply put 
(Z^) = [z'^, 1) to obtain differential forms which are manifestly defined on M = Mgk x G, 
rather than horizontal C*-invariant forms on Mask X G — )■ Mgk x G. It is shown in 
[CMX] that, although the prepotential F and the vielbeins are coordinate dependent, 
the quaternionic Kahler structure does not depend (up to isomorphism) on the choice of 
special coordinates. 

Remcirk: It is also shown in [CMX] that a global quaternionic Kahler structure can be 
defined even if Mgk cannot be covered by a single system of special coordinates. In that 
case one has to replace M — Mgk x G by the total space of a possibly nontrivial bundle 
over Mgk. 

Using the quaternionic vielbein given in (3.7) we can define three almost complex 
structures Ja on M by 

U^-oJ, = -i(cr,)^3ll25-, (3.9) 
where {(Ta)\ are the su{2) generators 

(-)^^-(;_!)- 

Then Q — span{ J^la = 1, 2, 3} is a skew-symmetric parallel quaternionic structure with 
respect to the quaternionic Kahler metric 

g = uu + vv + Y^{e^e^ + E^E^) (3.10) 

on M defined by (3.6). (Recall that uu — uu — \{u ® u -\- u ® u).) 

Proposition 1 The almost complex structure J3 is integrable for any quaternionic 
Kahler manifold (M = Mgk x G, g, Q) in the image of the c-map. Moreover, the fac- 
tors of the product Mgk x G are complex submanifolds of the complex manifold (M, J3) . 
The restriction of J3 to the first factor coincides ( at any point of M) with the original 
complex structure J on the Kahler manifold Mgk, whereas the submanifold G — {p} xG C. 
Mgk X G — M with the Hermitian structure induced by {g, J3) is not Kahler. Neverthe- 
less, the submanifold G <Z M with its induced metric is isometric to the complex hyperbolic 
space i^c^^ with the Kahler metric of constant holomorphic sectional curvature —4. 

Proof: According to (3.7) and (3.9), the one- forms u,v,e^,E^ constitute a basis for the 
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space of (1, 0)-forms of J3. We can compute their exterior derivative to be [FS] 




dv^ — vAv + uAu — EAE , 



+ eAu+ l(Z^NABZ'')UbAN'^''N^''TllE'' A dFec , 




where u is the connection one-form of Mgk and the index b is lowered by means of the 
Kronecker symbol. Since there is no (0, 2)-form appearing on the right-hand side, J3 is 
integrable in virtue of the Newlander-Nirenberg theorem. The two distributions tangent to 
the factors of the product manifold Mgk x G are defined hyu — v — E^ — u — v — E^ — 
and — — 0, respectively. This shows that both distributions are Ja-invariant and, 
hence, that the leaves are complex submanifolds. The formula — e^dz"' imphes that 
the complex structures JsIm^]^ and J coincide. It is known that a Kahler submanifold 
S C M oi a, quaternionic Kahler manifold M, such that the complex structure of S is 
subordinate to the quaternionic structure, has at most dimension | dim M [AM] . Since 
dim G — 2n+2, 2n — ^ dim M, G C M cannot be a Kahler submanifold with the complex 
structure induced by J3. Alternatively, one may check by a direct calculation that the 
fundamental two-form (p^ — g{-, J3) is not closed. For a proof of the last statement of the 
proposition see [CMX]. □ 

In the next proposition we give more detailed information about the complex structure 



Proposition 2 

(i) The complex structure J3 on the quaternionic Kahler manifold M — Mgk x G is of 
the form J3 — J + Jq, where J is the complex structure of the projective special 
Kahler domain Mgk and {JGip))peM^j, is a smooth family of left-invariant complex 
structures Jg{p) on G. 

(ii) The projection vr : M — )■ Mgk is a holomorphic submersion with fibers {G,Jg{p)) 
biholomorphic to the domain 



A=l 

for all p G Mgk- The total space (Af , J3) admits a fiber preserving open holomorphic 
embedding into the trivial holomorphic bundle Mgk x C""*"^. 



J3. 



n-l 



F(n + 1) := G C"+^|Rew° > 



^(Imw^)2-(Imw;„)2}cC 



in+l 
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Proof: (i) By Proposition 1, the complex structure J3 on M = Mg^ x G is the sum of 
the complex structure J on the base and a family of complex structures Jcip) on the 
fibers {p} x G = G. To prove that Jg{p) is left-invariant it suffices to check that the 
Lie derivative of the one-forms (3.8) with respect to the right-invariant vector fields (3.4) 
vanishes. That is a straightforward calculation. 

(ii) We define a fiber preserving holomorphic embedding ^ : M ^ Mgk x C""*"^ by ^ = 
(tt, w'^, wa), where 

--e-^^ + i{4> + a^{bA- FABa^)), wa := bA - pAsa^ ■ (3.11) 

One can easily check that the functions w^,wa are J3-holomorphic, cf. [LST2]. We claim 
that "if maps M biholomorphically onto the domain defined by the inequality 

Re > -N^^ Im w Aim wb. (3.12) 

In fact, for fixed p e Mgk, the linear map 

R'" 3 (a^, 6b) ^ (wa) e C" 

is an isomorphism, whereas the variable w'^ = e"^*^ + i{(f) + g^wa) is constrained by the 
inequality Rew° > a^^Imw^- Expressing {a^) by {wa) yields 

= -N^^ Im wb 

and thus (3.12). For fixed p e Mgk we can choose the special coordinates such that 
{N^^{p)) = diag(-l, . . . , -1, 1). This shows that TT is a holomorphic submersion with 
fibers biholomorphic to F{n + 1). □ 

Given the expficit form of the vielbein (3.7) the SU(2) connection reads [FS] 

Lu^ = i(u — u) , u'^ = u + u , 

_ _ (3 13) 

= _ ^;) _ i {Z^Nab<^Z^ - Z^Nab'^Z'') . 

It can be checked that the natural action of G on M = Mgk x G preserves the Ferrara- 
Sabharwal metric g [CMX]. The moment maps Pa of the KiUing vectors k\ given in (3.4) 
take the following simple form 

Px^\Y.^-^^>^)J'- ■ (3.14) 
This follows from Vkx = ~ '^kx-i since Lk^Ja — 0.^ 



^Note that the formula (3.14) differs by a factor 1/2 from that of [M], since our definition (1.3) of the 
moment map differs from that of [M] by the same factor. This can be easily checked with the help of 
formula (1.4). 
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In order to define the submanifold C M to which we will apply the quotient 
construction of Theorem 5, we choose constant complex vectors (C^) and (D^) ^ and 
a constant C, where D"^ obeys 

n 

J2 Nab{Zo)D^D'' = (3.15) 

A,B=1 

at some point Zq = (Zq, . . . , Zq) G Ma^k- Here Ma^k is identified with a domain in C" by 
means of the special coordinates. Since the affine special Kahler metric ^ NAB{Zo)dZ^dZ^ 
is indefinite, such a vector (D^) does always exist. We will assume that the rank of the 
matrix 

Fabc{Z) (3.16) 

c 

is constant in a neighborhood of Zq. Then, by restricting to that neighborhood, we can 
assume that the rank is constant on Ma^k- That implies that the system of equations 

D^Fab{Z) ^Cb:=J2 D^FABiZo) (3.17) 

A A 

defines a complex submanifold M^y. C Mask of complex dimension n — r, where r = 
rk{GAB). 

Proposition 3 r < n — 1 and M^y. fibers over a complex submanifold C Mgk of 
dimension n — l — r. In particular, Mgk is of dimension zero if {Gab) has maximal rank. 

Proof: Since Fab is homogeneous of degree zero, the vector (Z^) is in the kernel of the 
matrix (Gas), which implies r <n — 1. Due to the homogeneity of the equation (3.17), 
M^-^ is a cone over a complex submanifold C Mgk. □ 

Reiricirk: More generally, for the smoothness of M^y. it is sufficient to assume that the 
rank of {Gab) is constant on a complex submanifold containing (a neighborhood of Zq 
in) the analytic set defined by (3.17). 

Now we define a subset iV C M by the system 

L>^Fas(Z) = Cs , D''{bA-FABa^)^C . (3.18) 

We claim that C M is submanifold of codimension 2r + 2. More precisely, it is a 
subbundle of x G with fibers of codimension 2. To see this it suffices to recall that 
the first equation of (3.18) defines the submanifold C Mgk and to note that over 
points of the second equation reduces to 

D%A - CbQ^ = C, 
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which is a system of two real affine equations. The two real equations are independent 
if and only if the vector {D^, Cb) is not a complex multiple of a real vector. The latter 
property follows from the fact that that vector belongs to the tangent space L = T(If(Zq)^ 
of the Lagrangian cone C = {dF{Z)\Z e Ma^k C C''} C r*C" = C^", which satisfies 
LnL = 0, see [ACD]. 

Proposition 4 Under the above assumptions, N G M is a complex submanifold with 
respect to the complex structure J3. More precisely, the homogeneous equation 

D%A-CAa^ = Q (3.19) 

defines a subgroup <Z G of codimension 2 and N — x S is the product of the 
complex submanifold C Mgk and a submanifold S (Z G, which is a left-translate, 
S — xG^, of the subgroup G^ (Z G by an element x & G satisfying the inhomogeneous 
equation 

DHa - CAa^ = C. (3.20) 

The fibers {p} x S C {p} x G, p E M^, are complex hypersurfaces with respect to the 
complex structure on {p} x G d M induced by J3. 

Proof: In order to prove that N G M and the fibers of ^ are a complex subman- 
ifolds, it suffices to show that the one-form 

d{D^{bA - FABa^)) = D^dbA - FABda^) + D^a^'dFAB 

is of type (1,0). This is obvious for the second term. In order to analyse the first term, 
we decompose 

= cZ^ + H"^, 

where H^NabZ^ = and c e C. Then 

D'^idbA - FABda^) = -cie'^^'^-^u + CbE\ 

where the coefficients C;, G C are determined by the equation —^-^e'^~^^'^IiAN^^ = . 
This proves that D^{dbA — FAsda^) is of type (1, 0). 

To check that (3.19) defines a subgroup G^ C G, we recall^ [CMX] that in the coor- 
dinates (0, 0, a^, bs) the group multiplication in G is given by: 

(0,0,a,6)-((/)',0',a',6') = (0+0', 0+e-2'^0'+e-'^(a^6;4-a'^6^), a+e" V, 6+e-'^6')- (3-21) 
''Our additive variable (j) is related to the corresponding variable A in [CMX] by A = —2(j). 
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From this formula we see that the set of solutions of (3.19) is closed under multiplication 
and contains the neutral element and the inverse 



{(/), (f), a, b) 



(-0, -e^^^, -e^a, -e'^b) 



of any element {(l),(J),a,b) satisfying (3.19). Let x E G he any element satisfying (3.20). 



Using the multiphcation law (3.21) we can easily check that xG^ is a subset of the solution 
space of (3.20), which we know is an affine subspace of G = ]R^"+^ of codimension 2. This 
proves that xG^ coincides with the set of solutions of (3.20), that is, with the fiber of 



In the next proposition we give more detailed information about the complex subman- 
ifold N C (M, Jg). 

Proposition 5 

(i) The complex structure induced by on N = x S is of the form J + 3$, where J 
is the complex structure on M^^^ and {Js{p))peM^ is a smooth family of left-invariant 
complex structures on S — xG^ = G^. 

(a) The projection tin '■ N — >■ is a holomorphic submersion with fibers {S,Js{p)) 
biholomorphic to B'^~^ x C, for all p E M^. The total space {N, J3) admits a fiber 
preserving open holomorphic embedding into the trivial holomorphic bundle M^xC^. 

Proof: (i) It follows from Proposition 2 and Proposition 4 that the complex structure of 
N is of the form J + Js, where Js — Jg\s- Identifying S — xG^ with the group G^ C G 
by means of the left-translation with x~^, we can consider J5 as a complex structure on 
the group G^. Then the left-invariance of Js follows from that of Jq- 
(ii) Using the fiber preserving open holomorphic embedding of tt : M — > Mgk into Mgk x 
C"+^ defined in (3.11), we see that ttn : N ^ is embedded into t^Im^^ by one complex 
affine equation D^wa = C, which reduces the trivial bundle x C^^^ C Mgk x C"+^ to 
a trivial bundle = M^^ x C" and the fiber F{n+1) of tt to F'{n - 1) x C. In fact, for fixed 
p e we can choose special coordinates such that {N'^^{p)) — diag(— 1, . . . , —1, 1) and 
D = (0, . . . , 0, 1, 1). Then the fiber is defined by 



N ^ M' 



□ 



n-1 





A=l 



Elimination of Wn yields the domain 



n-2 



'n-1 



) e C"| Rew° -21mClmWn-i + {ImCf > ^(Im^/;A)^} C C", 



A=l 
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which is biholomorphic to F'{n — 1) x C by the affine transformation wi, . . . , tfn-i) ^ 
(w^ — 2 ImC'Im 'u;„_i + (ImC')^, Wi, . . . ,Wn-i), where 

n-2 

F'{n-1) := {{w^,wi,...,Wn-2) e C"|Rew° > ^(Imw^)^} c C''-\ 

A=l 

Now it suffices to note that F'(n — 1) is biholomorphic to the ball B^~^. □ 

Before we go on, let us summarize what we found so far by the following commutative 
diagram consisting of holomorphic fiber preserving embeddings: 

M = Msk X G 4 X C"+^ 

U U 

N = M^^xS ^ X C", 

where the horizontal embeddings are open and the vertical ones are of complex codimen- 

sion r+ 1. Recall that r is the complex codimension of C Mgk, 5* is a left-translate of 

a subgroup C G and C" C C"+^ is an affine hyperplane (which is linear if = G^). 

The fibers of M ^ Afgk are biholomorphic to F{n + 1), whereas the fibers of ^ 

are biholomorphic to B^~^ x C. 



Let us now define two Killing vectors ^j, i = 1, 2, on M by 

6 = Re D^kA + Re C^F + Re Ck;r , 

~ (3-22) 
5 = Im D^A + Im CAk^ + Im Ck^ . 

From (3.14), (3.13), (3.8) and (3.18) we see that both Pi and P2 lie in the plane spanned 
by Ji and J2- Therefore, we find P1P2 = fJs for some function /. Furthermore, there 
is Jski = k2. Hence we can apply Theorem 5 and Corollary 1, provided that ^1,^2 are 
tangent to N and generate a free and proper action. This is shown in the next proposition. 

Proposition 6 The vector fields ^1,^2 generate a free and proper holomorphic action 
of a vector group IR^ = C on the suhmanifold N C M. In the coordinates (2;", 0, 0, a^, 6^) 
the action of (Ai, A2) G is given by {z, (f), cp, a, b) i->- {z, (p, 0', a', b'), where 

4)' = 0- AiRe(7- A2lmC', (3.23) 

a^' = + AiReD^ + A2lmD^, 
b'^ = + AiReCyi + A2lmC^. 

In the holomorphic coordinates {z°',w^,wa) the action of X — Xi + iX2 & C is given by 
{z"',w'^,wa) ^ {z"',C°Xa), where 

_ \2 

(0 = w'^ + iXD^WA-iXC + i—D^{CA- FabD^), (3.24) 

Ca = wa + ^{Ca-FabD''). (3.25) 
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Proof: First Note that 

r\ 

% (3-26) 

We can easily check that ^1,^2 are tangent to N — {D^hA — CAd"^ — C}. In fact, 
this is a consequence of the two equations D'^Ca — CaD"^ — and D'^Ca — CaD"^ — 
—2iD^NABD^ — 0. Let us use </?* to denote the flow of the vector field and put 

^^■=^l^o^l\ A = Ai + iA2. 

Then (3.26) shows that </?^|iv is given by (3.23). We see that in these coordinates the action 
consists of translations along a plane. In particular, it is free and proper. Expressing (/?^ in 
holomorphic coordinates yields (3.24)-(3.25), which shows that the action is C x N ^ N 
is holomorphic. □ 

The Kahler manifold M' = N/A constructed from Corollary 1 is of real dimension 
4(n — 1) — 2r, where r was the complex codimension of C Mgk- Thus the minimal 
dimension of M' is 2(n — 1), which is attained when the base manifold is discrete. 
The maximal dimension 4(n — 1) is attained, when = Mg^. 

Theorem 6 Let {M', h) be the Kdhler manifold obtained as above from the quotient 
construction of Corollary 1 applied to a quaternionic Kdhler manifold {M = Mgk x G, g) 
in the image of the c-map. Then M' is the total space of a holomorphic submersion over 
the complex submanifold C Mgk with fibers biholomorphic to B^~^ . The metric of the 
fiber is given by 

h&h ^le^-^ldx" + 2i((Imx)„5"'')dx6|2 + ^e^MxaS^^dxh , (3.27) 

with respect to some global system of holomorphic coordinates (x°, Xi, . . . , x„_2) on the 
fiber. As a consequence, the fiber is isometric (but not biholomorphic, unless n < 2) to 
H^~^ with its metric of constant holomorphic sectional curvature —4. 

Proof: Since the action on N generated by ^1 and ^2 is holomorphic, see Proposition 6, and 
preserves the fibers of the holomorphic submersion tin '■ N — )■ M^, we have an induced 
holomorphic submersion tt' : M' — )■ M^. We know already (see the proof of Proposition 
5) that TIN : N ^ is holomorphically embedded into vrl^^ '■ ^""^(-^s^) ~^ ^sk 
with fibers of complex codimension one and that 7i~^{M^) is an open subset of the 
trivial bundle x C"+^. The fiber S = xG^ of tttv is the intersection of the fiber 
G = F{n + 1) of vtIm^'^ with the complex affine hyperplane defined by the equation 
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D^wa = C* in the holomorphic fiber coordinates {w^^wa)- Let V"^ be any vector such 
that V^ipA — FabD^) 7^ holds on some neighborhood U C M^,^. Such a vector 
exists, since Ca - FabD^ = {Fab - Fab)D^ = -2iNABD^ and D ^ 0. Consider the 
subgroup G' C G defined by the homogeneous equations D^wa = V^wa = 0. One 
can check that G' is isomorphic to the Iwasawa subgroup of SU(l,n — 1). The reason is 
that the canonical symplcctic form co on M^" is nondegenerate on the real subspace 11' of 
M^n. -which corresponds to the complex subspace of C" defined by D^wa = V^wa = 
under the isomorphism [a^jbs) H> (wa)- In fact, 11' is complementary in 11-'-''^ to the 
plane 11 C 11-'-''^ C M?"- spanned by the real and imaginary part of the complex vector 
{D^, Gb)- The plane IT is precisely the kernel of c^; on 11-'-''^. (Note that for the same reason 
G^ is not isomorphic to the Iwasawa subgroup of SU(l,n).) The complex submanifold 
S' := xG' G S = xG^ intersects all the orbits of the vector group A generated by the 
two Killing vector fields and ^2 transversally and exactly in one point, as follows from 
(3.25). Therefore, it is biholomorphic to the quotient A\ S, which is the fiber of the 
holomorphic submersion tt' : M' M^. This proves that the fiber is biholomorphic 
to G" endowed with a left-invariant complex structure J' = J'(p), p e M^. Using the 
fact that G^ and, hence, G' C G^ normalizes A in G, one can show that the fiber 
metric corresponds to a left-invariant metric g' = g'{p) on G'. Since NAsdwAdwE < on 
{D^WA = V^wa] = C"-2 c C" we get that (G', J', g') ^ CH^'-K 

In order to make the above argument more explicit, let us compute the Kahler metric of 
the fiber of M' — > in holomorphic coordinates and show that it is indeed the complex 
hyperbolic metric of constant holomorphic sectional curvature —4. The metric of M is 
given by (3.10). Let us recall that (11^) is the matrix which represents the projection 
TMask — > TMg]^ with respect to the special holomorphic coordinate frame on M^sk and a 
unitary frame on Mgk. By the definition of the projective special Kahler metric, we have 

_ . „ NacZ^NbdZ^ 

ZNZ - -'^"^n^n^ + (zNzy ' ^^"^^^ 

where ZNZ = J^Z^^abZ^ = cf. (3.3). Multiplying (3.28) with the inverse matrix 
of the left hand side yields 

= -ie-^n^bllc'iV-^^^ + 2e''NAcZ^Z'' . (3.29) 

Restricting to the fiber over a point p e and using the identity (3.29) we find 

g&h =d0' + ie^'^|d0 + 6^da^ - a^dft^r - ^e^H^bA - F4cda^)A^"'^''(d6B - Fs^da^) 
+ 2e''+"^\Z^{dbA-FABda^)\\ 

which is the canonical metric of F(n + 1). Using the coordinates (3.11) the fiber metric 
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9'fib '■— g\ir-'^{p) takes the following form: 

(3.30) 

The metric hfi^ := /i|m^ of the fiber iW^ := {n'y^ip) of n' : M' ^ is obtained by first 
restricting (yfgb to the submanifold Np := 7r^^(p) C 7r^^(p) defined by D^wa — C and then 
taking the quotient by the isometric M^-action generated by the Killing vector fields 
and ^2- These vector fields can be combined in the holomorphic vector field 

A; := 6 + iii = -^(6 - i6) = D^Nabq^ - 2iL>^(Imw)A^ , 

see (3.24)-(3.25). Since the quotient map t : N ^ M' = N/A is a Riemannian submer- 
sion, as is its restriction Tp : Np ^ Mp, the metric /ifib on = F{n — 1) is determined 
by the degenerate symmetric tensor field 

g&h{k, ■)gm(k, ■) + gmik, •)g&h{k, •) 



(Tp)*/ifib =g&h - 



g&b{k, k) 



where gffib = g\Np = fl'fibUp- Since Y.Z'^^abZ^ = ^ > and therefore Z'^NabD^ 7^ 
0, we see as above that the equivalence classes corresponding to the holomorphic 

C-action generated by k each contain exactly one representative which fulfills 

Z'^wa = . 

Recall that the index A runs from 1 to n. In particular, the n + 1 holomorphic fiber 
coordinates are {w^, Wi, . . . , Wn). By a linear change of special coordinates (Z^), if neces- 
sary, we can assume that at our base point p we have = 1. Because {Z"^) always has 
positive norm and (D^) is null, we know that D"- ^ D^Z°- for some a G {2, . . . , n}, let us 
say for a = n. Therefore, we can find coordinates {x", Xa}, a = 2, . . . , n — 1, for the fiber 
of M' as follows. We put a = 1/{D^ — D^Z'^) and observe that the map 

{x\ Xa) ^ {w\ wa) = (x\ a{{Z^D- - Z-D^)xa - Z^C),Xa, a{C - {D- - D'Z'')Xa)) , 

(3.31) 

is an affine isomorphism from C"~^ onto the affine subspace E C C""'"^ defined by D^wa — 
C and Z^wa — 0. Therefore, it induces a biholomorphic map from an open subset of 
C"-^ onto M'p = Np/A ^ E f] Np. On the complex hypersurface :^ E f] Np C Np 
(defined by Z^wa — 0) we have 

Z^dwA = , D^dwA = . 

From this one computes 

g{k,-)\'ii = ^fib(/^, Ok = > 
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and therefore concludes that the projection Np — )■ restricts to a biholomorphic isome- 
try J{ Mp. Using this isomorphism, the metric /igb of is identified with the metric 
9ji — gW — fl'fibliJ of the hypersurface G Np, which is 

where 

+ |q;|^(Z"L>" - Z''D")N-^^\Z"D^ - Z^D"") - a{D'' - D^Z'')N-^''^ 

- aN-^"-''{D^ - D^Z^) + |ap(Z)" - D^Z'')N-^"-''{D'' - D^Z^) 

- \a\^{Z'''D'' - Z''D'')N-^^'^{D^ - D^Z^) 

- - L)^Z")7V-^'*^(Z"L>'' - Z'^D'') 

is Hermitian and negative definite and the other coefficients are given by 

=Im(Q;C')((A^-^"" - Z^A^-^^") + aiN'^""^ - Z"Ar-iii)(Z"L>" - Z"L>") 
+ a(A^-^^" - Ar-i"")(L»" - D^Z"")) 
TVf = Im(a(Z"D" - Z"D"))(Ar-i + aN-^^\Z''D^ - Z^D'') - aN-^^'^iD^ - D^Z^)) 

- \m{a{D'' - DiZ"))(A^-i"^ + aN-^''\Z''D^ - Z^D"") - aN-^''''{D^ - D^Z^)) 
TVf =Re(Q;(Z"D" - Z''D'')){N-^^^ + aN-^^^{Z''D'' - Z^D"") - aN-^^''{D^ - D^Z^)) 

+ {N-^"^ + q;A^-^"^(Z"L>'' - Z^D"") - aN-'^"'''{D^ - D^Z^)) 

- Re(Q;(L>" - L»^Z"))(Ar-^"'' + aN-^''\Z''D^ - Z^D"") - aN-^''''{D^ - D^Z^)) . 

By a hnear change of holomorphic coordinates we can assume that A^"^ = —5°'^. Finally, 
by changing the coordinate x^ into x^ — 2iNQXa — 2iXaNf^Xb we obtain the form 

^ie^-^ldx" - 2i((Imx)„M"^)dx;.|2 + \e^t'dxj''''dx, , 

where M"-'^ = — iNf' = iV"^ = —5"^. Note that this metric has the same form as the 
fiber of M — 7> Mgk, which wc ah^cady know has constant holomorphic sectional curvature. 
To compare the metrics it suffices to put A''^^ = —tjab (the Minkowski scalar product) 
and (Z^) = (1, 0, • • • , 0) in (3.30), which yields 

^fib =ie^'^|d«;° - 2i((Im«;) V^)d«;B|' + ^e'^fdwAS^^duuB ■ 

Changing the coordinate Wi to Wi brings this metric to the more standard form (3.27), 
but in n + 1 instead of n — 1 complex dimensions. □ 

Remcirk: The above proof shows that the quotient Kahler manifold M' can be described 
as follows. As a smooth manifold, 

M' = X G', 
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where G' is the Iwasawa subgroup of SU(1, n — 1). The Kahler structure {JM',gM') of M' 
is of the form 

Jm' = Jm^^ + J' 1 gw — qm^^^ + g' 1 

where {J'(p), g'{p))p^M^ is a family of left- invariant Kahler structures on G' such that 
{G',J'{p),g'{p)) is isomorphic to CH'^~^ with its standard Kahler structure for all p. 
Applying Theorem 2 of [CMX], this shows, in particular, that M' is complete if the 
submanifold C Mgk is complete. 

Wc shall now consider some explicit examples of the new quotient construction applied 
to quaternionic Kahler manifolds in the image of the c-map. 



3.2.1 Quadratic prepotential 

Let us first analyze the case of a quadratic prepotential F, i.e. F(Z^, . . . , Z") is a quadratic 
polynomial such that the real symmetric matrix Nab — IhiFab is of signature — 
1). The corresponding 4n-dimensional quaternionic Kahler manifold is the Hermitian 
symmetric space 

U(2,n) 



M = 



U(2) X U(n) ■ 



Proposition 7 In the case of quadratic prepotential, the holomorphic submersion tt : 
M — )■ Mgk = Hc~^ of Proposition 8 is a trivial holomorphic fiber bundle and (M, J3) is 
biholomorphic to H^~^ x F{n + 1). 

Proof: Since Fab is constant, the fiber preserving open embedding ^ : M — > Mgk x C"+^ 
defined in (3.11) is a biholomorphic isomorphism onto its image Mgk x F{n + 1). □ 

In this case, the first condition in (3.18) is automatically satisfied at every point of 
M as soon as it is satisfied at one point. Hence, is of dimension 4n — 2 and M' is of 
dimension 4n — 4. 



Proposition 8 In the case of quadratic prepotential, the holomorphic submersion tx^ '■ 
N — 7> = of Proposition 5 is a trivial holomorphic fiber bundle and the complex 
submanifold N C (M, J3) is biholomorphic to Mg^ xCxF'(n-l) = i72-ixCxF'(n-l), 
for any choice of null vector {D"^) G C^'"~^ and any C G C 

Proof: Since A^^^ is now constant, it follows immediately from the proof of Proposition 
5 that the submanifold A" C M ^ M^k x C"+^ is biholomorphic to M^k x C x F'{n - 1). 
□ 
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Theorem 7 The Kdhler manifolds M' obtained from the quotient construction of Corol- 
lary 1 applied to the quaternionic Kdhler manifold M — u(2)x'u(n) ^'^^ isomorphic to 

Tjn—l ^ Tjn—1 

for any choice of null vector {D"^) e C^'""-*^ and any (7 e C. 

Proof: The holomorphic submersion M' — > of Theorem 6 is, in this trivial 
holomorphic fiber bundle over — Mgk = H^~^. This follows from the proof of Theorem 
6, since the constructions are now independent of p e Mgk. For the same reason, the metric 
is the product of the metric on the base and the metric on the fiber. □ 



3.2.2 Cubic prepotential 

Now let us turn to the case of a cubic prepotential, i.e. 

^ - G^'ijk — ^5 — , [6.6Z) 

where the lower case indices run from 1 to n — 1. Note that, from now on, the special 
coordinates Z^ run from Z° to Z"~^. Putting — Z'^/Z'^, the first equation in (3.18) 
turns into 

Ci = { ^ ^ , 3.33 

which defines a Kahler submanifold of Mgk under our general assumptions on the rank 
of the matrix (3.16), see the remark on page 16. By means of the coordinates z^,. . . , z^~^ 
we will identify Mgk with an open subset of C""^. 



Proposition 9 Let zq G Mgk C C" ^ be a solution of the equation (3.33) and U C Mgk 
an open neighborhood of zq. Suppose that the rank of the matrix 

rriij := d^j^iD'^ - D^z'') (3.34) 

is constant on U . Then M^^^ C Mgk is a complex submanifold of complex codimension 
r = rk(mjj). (More generally, it suffices to assume that the rank of {rriij) is constant on 
a complex submanifold containing the algebraic subset of U G C"~^ defined by (3.33).) 



Proof: The Jacobi matrix of the map z ^ D Fij\z={i,z) is given by 




(3.35) 
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Since the first row is a Unear combination of the other rows, the rank of that matrix 
coincides with the rank of {rriij). □ 

Reiricirk: Note that, as in the case of general prepotential, given a null vector (D^) at 
Z — (1, z) e Mask we can define (C/) such that (3.33) holds at z. Therefore, we can 
always assume that ^ 0. For generic (rfjjfe), (D^) and z the rank of rriij is maximal 
and so dim — 0. Let us also keep in mind the trivial fact that for any z^ — (zq) G Mgk 
there is always a nonzero vector {D^) which satisfies (3.15) at = (1,-Zo)- The set 
of all such vectors (the null cone without its origin) is a C*-invariant real hypersurface 
of Tzo-^ask = C". Finally, let us point out that the constant vector {D^) defining the 
submanifold M'^ is a null vector not only at but at any point Z of M^^^, since 

D'Nij{Z)D' = ^.{D'Ci - D'Ci) = D'Nu{Zo)D' = . 

The following proposition can be used in explicit examples to obtain an upper bound 
on the dimension of M^, which is defined by (3.33). 

Proposition 10 Let zq be any point of M^. A necessary condition for a vector a — 
a^dzi e T^gMgk to he tangent to is to satisfy the following equations: 

dijk{D' - D''zi)a'' = (3.36) 

and 

dijka'a^a'' = . (3.37) 

Proof: Consider a complex analytic curve t ^ z{t) = {z\t)) in through zq — (zq): 

z\t) = 4 + Ta' + T^P' + r'y + . . . . 

Then the last n — 1 equations of (3.33) are satisfied up to cubic order in r if and only if: 

= dijk{D^ - D°zi)a'' = , (3.38) 
= dijk{D^ - D^zi)^^ -\D^dijka^a^ and (3.39) 
= dijkiD^ -D''z^^'-D%jk(y^f3' . (3.40) 

The first equation already gives (3.36). Considering the r^-component of the first equation 
of (3.33) we also obtain 

-d,,kz'o{D^ - D''zi)-f'' + {2D^zl - D%,ka^/3'' + ^D^'d^jkaWa'' = . (3.41) 

Inserting (3.39)-(3.40) into (3.41), we find 

dijka'-a^a^ = . 
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□ 

Remcirk: Note that one can always find s.t. 

d,jk{D^ - D'>zi)a' = 

is not fulfilled for any a ^ 0. On the other hand, depending on the particular form of 
dijk, one can adjust in order to obtain examples for which dimN is large. We will 
discuss such examples in the remainder of this paper. 

A low- dimensional example 

We shall now sec that a simple low-dimcnsional example with a one-dimensional man- 
ifold is provided by the STU model with two coordinates fixed. The corresponding 
quaternionic Kahler manifold is the symmetric space 

SO (4) X SO (4) ' 
which is the c-map image of the special Kahler manifold 

'SU(1,1)^ ^ 



sk 



U(l) 

Choosing appropriate inhomogeneous coordinates z — {z^ — S,z^ — T,z^ — U), the 
prepotential (3.32) is determined by 

F(/ - 1,^) = STU . 

The equation (3.33) defining the submanifold C Mgk now reads 

2D^STU - D^TU - D'^SU - ST = Co , (3.42) 

{D^T - D'^) {D°U - D^) = D'^D^ - D^Cs , (3.43) 

{D^S - D^) {D°U - D^) = D^D^ - D^Ct , (3.44) 

{D'^S - D^) {D'^T - D^) = D^D^ - D^'Cu , (3.45) 

where {D^,D'^,D^) = {D^,D^,D^) and we are assuming that ^ 0. Prom the last 
three equations we already see that two of the three coordinates, say S and T, must be 
fixed to the values (S) :— ^ and (T) :— ^ in order to keep the third coordinate, here U, 
free. Note that this is not possible for arbitrary choices of and since the coordinates 
have to satisfy Yfij=o^iJ^^^'^ > 0- Therefore, we will assume that (1, {S), {T)) can be 
extended to a vector (1, (S), (T), (U)) spanning a complex fine which is positive definite 
with respect to the pseudo-Hermitian metric (Nrj). We will call such vectors time-like. 
One can check that all the above equations are solved for 

Cs = D^{T) , Ct = D^{S) , Cu = D'{S){T) , Co = -D^{S){T) , 
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with U remaining arbitrary. Therefore, the coordinate U parameterises M^. It is straight- 
forward to check that for any choice of ^ 0, and as above, the null condition 
(3.15) can be satisfied by appropriately choosing . This ensures D^IJ — D^ 7^ on M^^. 
The latter inequality implies that the matrix (mjj) of Proposition 9 has rank two, which 
again proves that C Mgk is a one- dimensional complex submanifold. The resulting 
Kahler manifold M' has complex dimension 4. 

We can also consider the quantum STU model, where the prepotential is given by 

F{\,z) = STU+\T^ , 

and the corresponding 6-dimensional special Kahler manifold Mgk admits a 4-dimensional 
group of automorphisms, which acts freely on Mgk, as follows from [CMX], Example 3 in 
Section 4.2. 

Again we can try to fix the values of one or two of the variables and use the remaining 
ones as parameters. In this case. Proposition 10 immediately implies that T cannot belong 
to the remaining parameters. Comparing with the equations (3.42)-(3.45) for the STU 
model, we see that only the conditions (3.42) and (3.44) are modified by the extra term 
in the prepotential. The new version of (3.44) reads 

(L>°5 - L'^)(L>°C/ - D^) + (L>°T - D'^f = D^D"" + {D^f - D'Ct , 

which together with (3.43) and (3.45) implies that T must be fixed to some value (T). If 
(T) — ^ , then also S — (S) — ^ and we come back to the solution for the STU model, 
now with 

Cs = D^{T) , Ct = D^{S) + D'^{T) , 

Cu = D''{S){T) , Co = -D''{S){T) - {Tf . 

Again, U parameterises and wc find again a 4-dimensional Kahler manifold M' as 
in the STU model. If the constant (T) is chosen to be real, then the term in the 
prepotential will not contribute to the metric of M' and so we get the same Kahler metric 
as for the unperturbed STU model. Otherwise, the metric will change by a conformal 
factor of the form \-2k = ( g-K^^^ )^, where c = |(Im(r))^ and Kq is the Kahler potential 
of the unperturbed STU model. 

High-dimensional examples 

We can construct examples with high dimension by extending the example above 
to the manifold 
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which is the c-map image of 



M., = Srl2,„-21:=5HiMx SO„(2,„-2) 



U(l) S0(2) X SO(n - 2) ' 

The latter has complex dimension n — 1. By appropriately choosing inhomogeneous 
coordinates the prepotential becomes 

F(l,z) = 5TC/ + Vrtm, (3.47) 

where now z = {S, T,U,y), y = {y^) and £,m = 1, . . . , n — 4. For this prepotential we find 
from (3.33) 

D°Co ^D^{D°S - D^)TU + D°S{D^T - D'^)U - D^D^ST - SD%mD"' 

+ D^'iD^S - D^)y%^y"' + S{DY - D')6em{D%"' - , (3.48) 
D'^Cs =D^5en.D"' + D^D^ - {D'^T - D^){D''U - D^) 

- - D')5,rn{DS"' - , (3.49) 

D'^Ct = - {D'^S - D^) {D'^U - D^) + D^D^ , (3.50) 
D^Cu = - {D^S - D^){D^T - D'^) + D^D'^ , (3.51) 
D^'Ce = - 2(L>°,S - D^)5UD°y"' - D^) + 2L>^5,„L>"^ . (3.52) 

From the n = 4 example we expect that at least two directions should be fixed to a 
constant. Indeed, we have to at least fix S to the value (5*) = ^ in order to solve the 
equations (3.50)-(3.52). From (3.49) we then get an additional quadratic equation in the 
remaining coordinates that can be solved by choosing 



DO D^U - 

and {D^, D^) as usual such that (3.15) holds at some base point Zq = (1, 2^0) and D^U — 
7^ on Msk (one may have to replace M^k by a neighborhood of zq for the latter). 
The solution for Ci is given by 

Ce = 2{S)5emD'^ , Co = ^{S) . 

Hence, the dimension of is 2(ri — 3). The manifold M' therefore has dimension 
4(n — 2), which is eight smaller than the dimension of M. Note that the dimension 
of the sub manifold C Afsk is only so high because we are fixing the direction S, 
which appears in both parts of the direct product manifold Mg^, i.e. in both terms in 
(3.47). This is already suggested by Proposition 10, which implies that in each monomial 
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of Yli=i dijkz'^z^z^ at least one variable must be fixed. Also, it is known that the only 
special Kahler manifolds which are decomposable as a product are the symmetric spaces 
S'T[2,£], i > I, [FVP]. The next step is to study special Kahler manifolds that are not 
symmetric and, hence, are not decomposable. 

Examples of homogeneous manifolds 

Let us now discuss the case of a homogeneous quaternionic manifold of negative scalar 
curvature that is not necessarily symmetric. These manifolds have been classified (under 
certain assumptions) in [A, Ce, dWV, C]. One simple class is the one that is in the image 
of the cor map^ of the hyperbohc spaces 

_ S0o(n-2,1) 
" S0(n-2) ' 

which is defined by the holomorphic prepotential 

F{l,z)^SiST-x'5imx'^) , 

where z — {S,T,x), x = {x^) and the indices i,m run from 1 to n — 3. Thus, the 
corresponding special Kahler manifold Mgk is still of complex dimension n — 1. It is 
known that the corresponding quaternionic Kahler manifold M can be presented as a 
solvable Lie group p — n — 3, oi rank 3 with a left invariant quaternionic Kahler 

structure [C]. The only symmetric space in this series is 'J(O) = so^(3)'xs'o(4) • ^® 
consider the case p > 1. 

Inserting this prepotential into (3.33) gives 

Co =2{D^S - D^)ST - D^S^ - S{D^x^ - 2D%mx''' - (D^S - D^)x^Semx'^ , (3.53) 

Cs^- {D'^S - 2D^)T - {D^T - 2D^)S + {D^x^ - 2D^)5(,mX"' , (3.54) 

Ct = - {D°S - 2D^)S , (3.55) 

Ce HD'^S - 2D^)5emx"' + SemiD^x"^ - 2D^)S . (3.56) 

From (3.55) we see that S is always fixed, i.e. locally constant on M^. If S is fixed to 
some value {S) such that D^{S) — ^ one can conclude from (3.56) and (3.54) that 
T and x"^ are also fixed. If D^{S) — = 0, wc find that (3.56) does not fix any further 
coordinates but only determines the value of C^. In contrast, (3.54) reads 

D^SemD"" + D°Cs - 2D^D^{S) = {D°x^ - D%miD^x"' - D"^) , 

which is a quadratic equation and fixes one of the complex degrees of freedom (which we 
will simply call moduli). Therefore, the minimal number of fixed moduli is two in the 



*Thc r-map is a construction of special Kahler manifolds, which was introduced by de Wit and Van 
Proeyen in [dWV]. See [CMX] for a recent discussion of some of its mathematical properties. 
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base space and two in the fiber. Now let us turn to the cubic equation (3.53). By using 
D^{S) — — 0, we can write it as 

D^Co + D^D^{S)^ + {S)D^6e^D'^ = (5)(Z)"a;^ - D%^{D^x"' - D"') , 

which reduces to the above quadratic equation if Co is chosen properly. This shows that 
we can construct examples such that the final Kahler manifold M' has complex dimension 
2n-4. 

Now let us turn to a second series of homogeneous quaternionic Kahler manifolds 
'W(p, q), which is a generalization of (3.46) and has the prepotential 

F(l, z) = F(l, S, T, U, X, y) = STU + -5^%^^"^ + Tx^^^^x^ , 

where x = (x^) G MP, y = [y°') e M3. The Alekseevsky spaces 'W(p, q) are of dimension 
An — 4(p + g + 4) and are symmetric only if p = or g = 0. We will consider the case 
p, 0' > 1. The equation (3.33) now reads 

D°Co =L>°(L>°5 - D^)TV + D^S{D°T - D'^)U - D^D^ST - SD^SimD"" 
+ D^D'^S - D')/6erny"' + 3(0^ - D%raiDY' - 

+ D%D^T ~ D^)x^Saix^ + T(D°t" - D'')SabiD^x^ - D^) - TD^dabD^ , (3.57) 
D'^Cs ^D^SemD"" + D^D^ - {D'^T - D^){D'^U - D^) 

- {D'Z - D%UD'y"^ - D^) , (3.58) 
D^Ct ^D^SabD^ + D^D^ - {D^S - D^){D^U - D^) 

- (L>°a;" - D'')Sab{D'^x'' - D^) , (3.59) 
D^Cu = - {D^S - D^) {D^T - D^) + D^D^ , (3.60) 
D^C, = - 2(D°^ - D')5emiD%"' - D^) + 2D%^D™ , (3.61) 
D^'Ca = - 2(L'°r - D^)Sab{D''x'' - D'') + 2D^SabD^ . (3.62) 

We see from (3.61) that the can only be free if S is fixed to the value (S) = j^. 
However, from (3.59) wc sec that then the x"' must fulfill a quadratic equation. Similarly, 
if one does not want to fix all the moduli x"", one must fix (T) = cf. (3.62), and (3.58) 
gives one quadratic equation for the y^.^ Let us now turn to the cubic equation (3.57). 
Wc see that for {S) = ^ and (T) = this equation reduces to the quadratic equations 
encountered before, giving no new constraint on the remaining moduli. Therefore, four 
moduli in the base space are fixed, which together with the two fiber directions make six 

''Note that the alternative of fixing e.g. the to = ^ reduces the set of equations to those for 
the case (3.46), with the same set of solutions. In that case only the fiber dimension differs from the M' 
obtained for (3.46). 
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fixed moduli. The dimension of the resulting Kahler manifold M' is thus eight smaller 
than that of the quaternionic manifold M. 

General homogeneous manifolds 

Finally, let us discuss the case of a general homogeneous space with cubic prepoten- 
tial.^" The prepotential for the general cubic case is given by [dWV] 

Here, the index fi labels q + 1 fields while i labels r fields that form representations of 
the {q + l)-dimensional Clifford algebra. Accordingly, the matrices 7^ fulfill the Clifford 
algebra. The special Kahler base of M is therefore parameterised 3+q+r complex scalars. 
Thus the dimension of M is 4(4 + q + r). 

The analysis of possible dimensions of the Kahler quotient M' is done analogously to 
the examples discussed above. Inserting the above prepotential into (3.33), one finds 

- D^D^'h^ - D^)h^5tmhr - K^iD^'h^ - D%m{D''h"' - D"^) 

+ L'°7^,^(L>°/i'^ - D'')h'h"' + ^^imh''{D%' - D'){D%^ - D^) 

+ h^D'5,^D^ - h^'^^imD'D^ , (3.63) 

D^Ci ={D^Y - Di'S^^D^ - {D^h^ - D^f + (L>°/i^ - D^')S^^{D^h'' - D") , (3.64) 

L)°C2 =2D^D'^ - D^SfrnD"' - 2(L>"/i^ - D^){D^h^ - D'^) 

+ (D°x^ - D^)5im{D''x"' - D™) , (3.65) 

D^'C^ ^^^emD'2D^ - 2D'5^,D'' + 2{D%^ - D^)5^,{D%'' - D'') 

- (D'^h' - D')^,,^{D%^ - D^) , (3.66) 

- 2DH,rnD'^ + 2L>''7^,^L>- . (3.67) 

Prom (3.67) we see that the only that can stay massless are those in the kernel of the 
matrix 

On the other hand, a direction in the (/i^, /i^)-plane can only remain unfixed if D^h^—D^ — 
holds for at least some of the scalars h^. In general, the minimal set of fixed scalars 
consists of just {h^,h'^). If we fix these scalars to (h^) — ^ and {h'^) — then (3.64) 
and (3.67) are fulfilled for all values of the h^. Furthermore, we find q + 1 quadratic 
equations for the from (3.65) and (3.66), which also solve (3.63). In total, this gives 

^°The case of a quadratic prepotential has been discussed above. 
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2g + 2 fixed (complex) directions, leading to a Kahler quotient M' of (complex) dimension 
2^ + 4.11 

4 Kahler quotients and spontaneous partial super- 
symmetry breaking 

The construction of the Kahler quotient of quaternionic-Kahler manifolds presented in 
Section 2 first arose in the physics literature in the derivation of the low-energy effective 
action of spontaneous !N = 2 to !N = 1 supersymmetry breaking in supergravity [L, LSTl, 
LST2]. Let us close this paper by linking the mathematical analysis of the previous 
sections to the physical perspective of rcfs. [L, LSTl, LST2]. 

The spectrum oiJ^ — 2 supergravity includes the gravitational multiplet together with 
riv vector- and hypermultiplets. Each hypermultiplet contains four real scalars which 
together span a 4nh-dimensional field space M that is constrained by 'N — 2 supersymme- 
try to be quaternionic-Kahler. A necessary condition for a maximally-symmetric solution 
of the 3\f = 2 supergravity field equations to preserve only N = 1 supersymmetry is that 
two isometrics of the quaternionic-Kahler manifold are gauged [FGP, LSTl]. The Higgs 
mechanism then makes the corresponding two vector fields massive, with the charged 
scalars providing the longitudinal degrees of freedom. Consistency with 3\f = 1 supersym- 
metry demands that these isometrics satisfy the assumed properties of Theorem 5. 

In order to derive an effective action valid below the scale of supersymmetry breaking 
777.3/2 one needs to integrate out all fields with masses of order 7773/2. Integrating out 
massive scalar fields corresponds to taking a submanifold N C M, while integrating out 
the two massive vector fields corresponds to taking the quotient with respect to the two- 
dimensional Abelian Lie group A generated by the two Killing vectors, as specified in 
Theorem 1. The two charged scalars act as Goldstone bosons and are removed from the 
scalar field space by the quotient construction described in Theorem 5. Consistency with 
3Sf = 1 supersymmetry impfies that the resulting scalar field space M' — N/A should be 
Kahler. 

For generic quaternionic-Kahler manifolds M the precise identification of massive ver- 
sus massless fields or, in other words the identification of the submanifold N, is difficult. 
However, for the case of special quaternionic-Kahler manifolds, i.e. manifolds in the image 

^^Alternatively, one could choose to fix and all h^, with one additional constraint coming from 
(3.64), resulting in a Kahler quotient M' of complex dimension 4: + 2q + r. Depending on q and r, this 
might be larger or smaller than 2r + 4. Since r must be a multiple of the dimension of the fundamental 
representation of the g-dimensional Clifford algebra, generically r will be much larger than q. Note that 
there is also the possibility of fixing some and some {h^, h^), which we do not discuss any further here. 
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of the c-map, N is determined by (3.18), which we repeat here for convenience: 

D''FABiZ) = CB , D\hA-FABa'') = C . (4.1) 

These equations give 2rF + 2 real conditions, where rp = Yajak{FABcD^)- Ftom this one 
can read off the dimension of the submanifold N to be 4nh — 2(rF + 1). 

The dimension of the quotient M' is two less than that of the submanifold A^h- There- 
fore, the specific dimensions of the quotient M\ is model-dependent and depends on the 
number of hypermultiplet scalars which remain massless, i.e. on the dimension of N. The 
maximal rank of FabcD^ is Hh — 1 due to Fabc^^ = 0, therefore for generic F and 
the dimension of N is 2nh, cf. Proposition 3. In other words, generically all moduh in the 
special Kahler base of the special quaternionic-Kahler manifold are fixed. However, only 
two of the axionic scalars in the C-fiber are fixed. For special choices of the prepotential F 
and fine-tuned D"^ one can increase the dimension of M', as discussed in detail in Section 
3. 

!N" = 2 gauged supergravities in four dimensions appear in the low-energy limit of 
compactifications of string theory on Calabi-Yau and, more generally, SU{3) x SU{3)- 
structure manifolds. In all these theories the quaternionic-Kahler manifold are of the 
special form described in [CFG, FS]. In the limit of large volume the holomorphic pre- 
potential simplifies to become cubic. In Section 3.2.2 we analysed a large class of special 
quaternionic-Kahler manifolds with cubic prcpotcntials, including the examples of gen- 
eral homogeneous manifolds classified in [dWV] and the inhomogeneous quantum STU 
model. We found that it is possible to obtain both high- and low- dimensional moduli 
spaces, with the latter being generic. From the perspective of string theory compactifi- 
cations, the fact that we generically find low-dimensional moduli spaces is particularly 
attractive as it suggests that moduli stabilisation can be easily implemented. 
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